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Abstract. 

We study the inflated phase of two dimensional lattice polygons, both convex and 
column-convex, with fixed area A and variable perimeter, when a weight /i* exp[— Jb] is 
associated to a polygon with perimeter t and b bends. The mean perimeter is calculated 
as a function of the fugacity /i and the bending rigidity J. In the limit /x — > 0, the 
mean perimeter has the asymptotic behaviour (t) j^\J~A ~ 1— K( J)/ (In /j,) 2 +0(/j,/ In /i). 
The constant K( J) is found to be the same for both types of polygons, suggesting that 
self-avoiding polygons should also exhibit the same asymptotic behaviour. 



Keywords: vesicles and membranes, loop models and polymers, exact results, series 
expansions 
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1. Introduction 

The enumeration of lattice polygons weighted by area and perimeter arises in many 
physical systems, including vesicles [U cell membranes [3], emulsions jl], polymers 
[5] and percolation clusters [6]. A central quantity of interest is the generating function 



where C(A, t, b) is the number of self-avoiding polygons of area A, perimeter t and with b 
bends. This is weighted by a pressure P (conjugate to the area), a fugacity \i (conjugate 
to the perimeter) and a bending rigidity J (conjugate to the number of bends). 

Exact solutions exist for G(P, /i, 0) when C(A, t, b) is restricted to convex polygons 
[7J[8l[9] or to column-convex polygons [10J. However, a general solution for self-avoiding 
polygons is unavailable and even the exact solutions for these restricted polygons are 
complex enough that extracting the asymptotics is non-trivial. The properties of self- 
avoiding polygons can be studied by enumerating the number of configurations that 
correspond to a given area and perimeter. Exact enumeration results for self-avoiding 
polygons exist for values of the area A up to A = 50 and for all t for these values of A 
[TTl [12] . The scaling function describing the scaling behaviour near the tricritical point 
A = and fi = where k is the growth constant for self-avoiding polygons, is also 
known exactly [T3] [HI [15] . A survey of different kinds of lattice polygons and a review 
of related results can be found in Refs. [16j [17] . 

In an earlier paper [18], we determined the mean area of inflated convex and column- 
convex polygons of fixed perimeter as a function of the pressure and bending rigidity. 
This case relates to the problem of two-dimensional vesicles, or equivalently, pressurised 
ring polymers [U [191 EH EH E2] on a square lattice. We showed that in the limit of 
large pressure, the expression for the average area was the same for convex and column- 
convex polygons. We also verified numerically that the same result held for the case of 
self-avoiding polygons. 

In this paper, we consider the related problem of determining the mean perimeter 
of a polygon of fixed area. We calculate the mean perimeter for convex [see Eq. ( 129]) ] and 
column-convex [see Eqs. ( I39f48]) ] polygons exactly. In the limit /i — > 0, corresponding 
to inflated polygons, we show that for both convex and column-convex polygons, the 
perimeter is given by 



where a = e . Since this result is the same for both convex and row-convex polygons, 
we argue that this result should therefore also extend to the self-avoiding case. 

In Sec. [2] we outline the calculation scheme for determining the mean perimeter. 
The results for convex polygons and column-convex polygons are presented in Sec. 13.11 
and Sec. E21 respectively. In Sec. [U we generalise these results to the case of self avoiding 
polygons and compare the analytical results with results from exact enumeration studies. 



G(P,n,J)=Y,C(A,t,b)e PA fi t e- 



(1) 



A,t,b 
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Figure 1. (a) Schematic diagram of a convex polygon. Any vertical or horizontal 
line (thick dashed lines) intersects the convex polygon at either or 2 points, (b) 
Schematic diagram of a column-convex polygon. Any vertical line (thick dashed lines) 
intersects the convex polygon at either or 2 points. 



2. Outline of the calculation 

Convex polygons are those polygons that have exactly or 2 intersections with any 
vertical or horizontal line drawn through the midpoints of the edges of the lattice (Fig. [1] 
(a)). Column-convex polygons are those polygons that have exactly or 2 intersections 
with any vertical line drawn through the midpoints of the edges of the lattice. There 
is, however, no such restriction in the horizontal direction (Fig. [1] (b)). Self avoiding 
polygons are polygons that have no restrictions on overhangs. 

The shapes of convex and row-convex polygons are obtained by minimising the free 
energy at fixed area, generalising the calculation presented in Ref . [18] . The equilibrium 
shape of convex polygons is invariant under rotations by tt/2. Let the shape in the first 
quadrant be represented by a curve y%(x) with endpoints at (ay/A, 0) and (0,ay/A), 
where A is the area of the polygon (see Fig. [2(a)). In the case of column-convex 
polygons, the equilibrium shape is invariant under reflection about the x-axis. Let 2/2 0*0 
be the shape of the column-convex polygon in the upper half plane with endpoints at 
(— by/A, 0) and (by/A, 0) (see Fig. 12(b)). The free energy functionals for these shapes 
can be written as 

raVA 1 / \ 1 ray/~A 

£1= / dxa 1 (y' 1 )\Jl + y^ = / y x dx, (3) 

Jo yf A Jo 

for convex polygons and 

rbs/A 1 \ 2 rby/A 

C 2 = / dxa 2 (y' 2 )yl + y'2 7=/ j^dx, (4) 

J-by/A y/A J-bVA 

for column-convex polygons. The subscripts 1 (2) denote convex (column-convex) 




Figure 2. A schematic diagram of the equilibrium shape of (a) convex polygon: the 
shapes in the other quadrants are obtained by symmetry, (b) column-convex polygons: 
the shape in the lower half plane is obtained by reflection. 



polygons, o is the free energy per unit length associated with a slope y' and A's are 
Lagrange multipliers. The Lagrange multipliers have been scaled by \[A so that they 
become intensive quantities. 

The angle dependent surface tension a was computed in [18] using simple 
combinatorial arguments. For convex polygons o\ is given by 



a 1 ( y yi + y>2 = -f 1 (u*)-21n( f i), 

where 

= y'\n(u) + ln[l - (1 - a)u) - ln(l - u) 

and co* satisfies 

dfx 



duo 



0. 



and a = e 2J . 

For column-convex polygons, the surface tension a 2 is of the form [18 



where 



^2 <y ) V 1 + y' 2 = iB y' - In // - In f 2 (p, a, B ) , 

1 + (1 - 2a)fi 2 + n(a - l)(e iB + e~ iB ) 



f 2 (ji,a,B 



and B satisfies the equation 
d 



dB 



(1 - fie w ){l -fie~ iB ) 
\nf 2 (/J,,a,B ) = iy'. 



(5) 
(6) 

(7) 



(8) 
(9) 

(10) 



The equilibrium shape is obtained from Eqs. ([3]) and (j4j) by solving the Euler Lagrange 
equation [23] . 



d d 
dx dy' 



a 1)2 {y')^l + y' 2 



A 



'.ID 
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Using the above expressions for the surface tension a, the equilibrium shapes 
of convex and column-convex polygons were computed exactly by solving the Euler 
Lagrange equations. We reproduce the final results, which will be the starting point 
of the calculations presented in the next section. For convex polygons, the equilibrium 
shape is given by 



Hi 



Ai 



In 



c\e 



\ v x/\fA 



1 - ci(l - a)e A Wv^ 



Cl 



with the constant c\ being given by 
(1 + e Aia ) - 



1 + e Xia ) 2 - 4e Aia (l 



a 



2(l-a)e A i a 

The equilibrium shape for column convex polygons is given by [18 
1 



V2(x) 

111 



A 2 



■x 



;i - /ie^'/^Xl - iie-^i^y- 



1 + (1 - 2a)fi 2 + fi{a - l)(e A W^ + e -A 2 x/ v / A) 
where the constant c 2 is given by 

(1 - fig 2 )(l -Mz 1 ) 



c 2 = In 



(12) 



(13) 



(14) 



(15) 



1 + (1 - 2a)/i 2 + n{a - l)(g 2 + g?) ' 
where, g 2 = exp(X 2 b). The constants a and b (see Fig. |2]) are chosen so that the free 
energy is minimised. 



3. Results 

Starting from the equilibrium shapes [Eqs. f|T2|) and (JI4"])] described in Sec. [21 we now 
calculate the mean perimeter of convex and column-convex polygons of fixed area A. 



3.1. Convex polygons 

The Lagrange multiplier Ai is determined by the constraint that the area under the 
curve is A /4: 

/ Vidx = —. (16) 
Jo 4 

Substituting for the form of the equilibrium curve as given by Eq. (JT2]) . we obtain, 



A? 



lngi 



dz In 



1 — c\e 2 



ci[l — ci(l — a)e z 



(17) 



4 Jo 
where gi = exp(Aia). 

The free energy of the equilibrium shape is obtained by substituting the expressions 
for the equilibrium curve Eq. ffl2|) and the surface tension Eq. ([5]), into Eq. ([3]). 
Simplifying, we obtain 

Aiv^ 



+ 2a\fA\nc x - 21n/i ay/A. 



(18) 
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The parameter a is chosen to be that value that minimises the above expression for the 
free energy, i.e. a satisfies dCi/da = 0. This gives, 

1 dXi , 2a dc\ , , , 
-— - + 21nci + — - 7 ^-21n/i = 0. 19 

2 da c\ da 

To calculate the first term, we differentiate Eq. f TLTj) with respect to a to obtain 
Ai d\\ 1 dci 



2 da C\ da 



In 



(l-ciffi)(l-ci) 1 g 1 1 ( 
[l- Cl (l-«) 5l ][l- Cl (l-«)] ' 



where the constant c± can be expressed in terms of g± as 



l + S 1 -^/(l + 2 1 ) 2 -4(l-a)2 1 

Cl " ■ (21) 

Substituting for d\\/da from Eq. ( 1201) and using Eq. ( 12TJ) and simplifying, we obtain 
the solution 

ci = /i. (22) 
The expression for gi for this value of c\ is obtained by replacing c\ with \i in Eq. ( )2T|) : 

<?1 = TT - (23) 

Knowing gi, the parameter a can easily be obtained as 

a = ^ ln ^ 1 = ^ ln[ Mi + M^-i)) ] - (24) 

The value of the mean perimeter is equal to 

(t) = 8aVJ, (25) 

where the factor 8 accounts for all the four quadrants. 

When // — > 0, the shape reduces to a square and the perimeter equals Ay/A. We 
would like to find the corrections for small values of /i. For small fi, 

ln#i = -ln y u-/i(a-l) + 0( / u 2 ). (26) 

Expanding the expression Eq. f|T7|) for Ai for small fi, we obtain 

The parameter a is then given by, 
a = — In gi 

^-TTrW *£^ + o(JL). (28) 
2 4(ln/x) 2 A-« x VAn/i/ 

The total perimeter t = 8a\/A is then given by, 

<«> 1 f ^Ml^) +0 f m. (29) 



4 a/A 2(ln/i) 2 Ji-« x yln/i 

The results for the mean perimeter for convex polygons are shown in Fig. [3J 
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3.2. Column- convex polygons 

In this section, we calculate the mean perimeter of column-convex polygons of area A 
for arbitrary /i > 0. We start with Eqs. (Hjl. (IHjl. <II3]) and (115)1 . 
The Lagrange multiplier A2 is fixed by the constraint, 

y 2 dx = —. (30) 

-by/A I 

On simplifying, this gives, 



4 

In 92 

dz 



(31) 







1 (l-//e z )(l-/xe- 2 ) 

n 1 + (1 - 2a)/i 2 + /i(a - 1) (e z + e~ z ) ° 2 



where In g 2 — ^2&- 

The total free energy of the curve with ends fixed as (—by/A, 0) and (by/A, 0) can 
be calculated by substituting the equation for the equilibrium curve [Eq. (TT4"]) ] into the 
expression for the Lagrangian [Eq. (T4])]and simplifying, thus yielding 

C 2 = VA[X 2 + 2b(c 2 - In fi)] . (32) 

The parameter b is fixed by the condition that the free energy should be a minimum, 
i.e. dC 2 /db = : 

aAo . * aCo 

— ^ + 2(c 2 -ln/i) + 26-f = 0. (33) 
db db 

The first term is calculated by differentiating Eq. (|32|) with respect to b, 

2 db ~ db dg' [ ' 

Substituting Eq. into Eq. (133]) and simplifying, we obtain 

C2 = In /i. (35) 
This immediately allows the solution of g 2 by substituting for c 2 in Eq. [TS1 
_ l-/i + /i 2 + /i 3 (2a-l) 

^ ~ 2„[1 + (a - l),x] (36) 



y (1 - /i 2 )(l -2fi + 2(1 - 2a)/i 3 - (1 - 2a)V) 
+ 2/i[l + (a - l)/i] ' 

The average perimeter is related to the chemical potential fi by the relation, 

W = -2^, (37) 

where the factor of two accounts for the equilibrium shape in the lower half plane also. 
Substituting for the free energy, this implies, 

(t) n d\ 2 



AVA 2 dfi 



(38) 
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Now, using Eq. [HH for A 2 and simplifying, we obtain, 



(t) 



1*92 



92(92 ~ fi) 
1 +fi 2 (2a- 1) 



(39) 



In 



' (h + k 2 )(g 2 + 1) 



k!-ki(g 2 -r 



(ki + k 2 )(g 2 
where k\ and k 2 are given by, 

fci = 1 + (1 - 2a)/i 2 , 
k 2 = 2/i(a — 1). 



1) - Jk\ - kl{g 2 - I) 



(40) 
(41) 



We would now like to determine the small \x behaviour of the mean perimeter. As 
in the case of the convex polygon, Eq. ( 136]) reduces to 

In #2 = -In// - a/i + C(/i 2 ). (42) 



In this limit, we can expand the right hand side of Eq. (1391) as 

— = — [-21n//-a;/i + (9(// 2 ln//)]. (43) 
Ay A A2 

Finally, we require the expansion of A2 in terms of \i and In \i. The equation for the 
Lagrange multiplier A 2 , Eq. [3U can be expanded as, 



l-an i n (i _ x ) 
dx— + 



X 



n ln(l - x) 
ax in g 2 in a 

■2 x 



In 92 



dz In 



1 + (1 - 2a)/i 2 + n(a - l)(e z + e" 



where we have used the identities, 

fin 52 







In 92 



oteln(l - /xe z ) 
dzln(l — fie~ z ) 



l-a/x i n (i _ x \ 
dx 



dx 



x 

ln(l — x) 

x 



On further simplification, this yields, in the limit \i — > 0, 

Ji-a ^ x m (l ~~ x)/x 



\ 2 = 2 In fi 



1 + 



(44) 

(45) 
(46) 

(47) 



2(ln^) 2 

Substituting for A2 in Eq. 03j we obtain the average perimeter for column-convex 
polygons as, 



1 



(4? 



4vM 2(ln / u) 2 Ji- Q x 

The column-convex polygon results, both for the general case and in the small fi 
approximation, are shown in Fig. [31 
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1.08 




Figure 3. The mean perimeter for convex and column-convex polygons are compared 
with the small y, expansion result and data from exact enumeration of self avoiding 
polygons of area A up to A = 49. 

4. Self Avoiding Polygons 

In Sec. [3j we calculated, as a function of the fugacity /i and bending rigidity J, the 
mean perimeter of convex and column-convex polygons of fixed area A. For small /x, 
the expression for the perimeter takes the form 

A^-^L**^* *'^ (49) 

for both convex and column-convex polygons. This is similar to the case of polygons 
with fixed perimeter, where the asymptotic expressions for area match up to the second 
term as well [18]. Introducing overhangs in one direction to convert convex polygons to 
column-convex polygons does not affect the second term in the expansion Eq. ( 1491 . It 
is therefore plausible that introducing overhangs in the vertical direction also does not 
affect the above expression, and hence that the mean perimeter of self-avoiding polygons 
should also be described by the expression given in Eq. (Ji"9~j) . for small \i. 

In order to test this conjecture numerically, we used exact enumeration data for 
polygons on the square lattice for the case J = 0. For self-avoiding polygons, exact 
enumerations are available for areas up to A = 49 [12]. The resulting plot for the 
average perimeter is shown in Fig. [3j Unfortunately, with the data currently available 
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it is not possible to extrapolate to infinite N, preventing an unambiguous test of this 
conjecture. Also, we know of no simple Monte Carlo algorithm that preserves area while 
varying perimeter, by which one could access higher areas. 



5. Summary and conclusions 

We now summarise the basic results of this paper. We have studied the variation of 
the perimeter, as a function of the chemical potential \x and bending rigidity J, for 
fixed area, for both convex and column-convex polygons. In each of these cases, we 
have calculated the perimeter exactly. The asymptotic behaviour in the limit /i — > 
coincides for both classes of polygons. We therefore conjecture that overhangs are not 
important in the inflated regime, and hence that self avoiding polygons should have 
the same asymptotic behaviour. It is important to obtain a numerical confirmation or 
rigorous proof of this conjecture. 
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